In this paper; we discuss the modeling of the kinematics and dynamics of compliant contact between bodies moving in Euclidean space. First, we derive the kinematic equations describing the motion of the contact point when two rigid bodies are rolling on each other: Secondly, we extend these results to describe the motion of the closest points between two rigid bodies moving freely in space. Then, we use these results to model compliant contact between bodies, using a spatial spring and a damper to model energy stored and dissipated during contact.
Introduction
In many models of walking machines (e.g. [ l , 2, 31), the contact between a foot and the ground is modeled as a discontinuous change of velocity of the foot, and instant dissipation of energy. This type of contact model can be used to accurately describe contact with a flat, hard surface. However, when the soil is something softer or more curved (such as sand, mud and rocks, typically encountered in outdoor and space applications), a more detailed contact model is needed to capture the compliance and the shape of the contact in order to he able to analyze the stability and robustness of the walking robot.
In this paper, we look at the modeling of this type of contact. More specifically, we look at the kinematic aspects of compliant contact. The dynamic aspects are also briefly discussed, but we refer to [4] for the details.
The kinematic analysis consists of two parts: First, regular contact kinematics describes the movement of the contact point between two rigid bodies as the bodies roll and slide over each other. In other words, it describes the velocity of two points (one on each body) that have zero distance. Second, generalized contact kinematics describes the movement of two points (one on each body) that have the smallest distance between them. Both regular and generalized contact kinematics are important in the modeling of compliant contact, as contact can be lost when two objects bounce off each other. The kinematics of regular contact have been modeled hefore [5, 6] , and recently these results have been extended to the generalized kinematics case [7] . Both approaches however rely on an orthogonal parameterization of the surfaces, and they need the definition of certain matrices and extra contact coordinates, which mystify the resulting equations and make it much harder to get a physical interpretation.
Contrary to the results mentioned before, we do not use a coordinate-based approach in this paper, so the results hold for any parameterization of the surfaces (not only orthogonal parameterizations), and we do not require the introduction of special extra coordinates and matrices. It thus gives a simpler, intuitive idea of the contact kinematics, and the equations are still physically interpretable and not just mathematical results. We used the results of this paper in a contact model based on the Port-Controlled Hamiltonian approach [SI.
This paper is organized as follows: first, Section 2 provides &e necess, mathematical preliminaries and notation about the dynamics of rigid bodies and about their SUIfaces. Then, Section 3 discusses the kinematics of rigid bodies in point contact, and Section 4 extends the results to the kinematics of rigid bodies moving freely in space. Section 5 briefly discusses the use of the kinematic equations in a lumped model of compliant contact between two hodies, and Section 6 shows simulations of this contact model. Finally, Section 7 presents the conclusions and an outlook on future research.
Preliminaries and Notation

Rigid Body Dynamics
In this paper, we deal with rigid bodies moving in the Euclidean space E, which means we can describe the position and orientation of every body by an element of the special Euclidean group SE(3), once a reference frame has been chosen. As shown for example in [9, where W = -GT is the matrix equivalent to (w x .).
We can also define a wrench W: (the dual of a twist), which describes the generalized forces acting on body i and expressed in frame 9 k r as w :
where F," denotes the linear force and r," the momentum, acting on the point in the origin of frame Pk. The dual product of a twist and a wrench (when expressed in the same coordinate frame) is equal to a power flow. More information on twists and wrenches can he found in [9, IO].
Surface Description
Consider a rigid body with a smooth, oriented surface S, embedded in the Euclidean space E. To this body, we rigidly attach a coordinate frame 9. In the frame 9, we can describe the surface (locally) as a bijective mapping f : V -S, which assigns to each set of local coordinates U E 2) c R2 a point of the surface. The mapping f is a (local) parameterization of the surface, and we assume this parameterization to he well-defined, i.e. the derivative mapping f* = 2 is continuous and has kernel zero, i.e.
the partial derivatives
At each point of the surface, we can find the unit vector n@) normal to the surface (we can compute this for example by taking the cross product between the partial derivatives o f f ) . We can identify these unit vectors with points on the unit sphere S2, if we think of the point on the sphere as the tip of the normal vector with its base point in the center of the sphere.
The Gauss mapping g : S -S2 is defined as the mappin which takes a point p on the surface and returns a point g(pf on the sphere, corresponding to the unit normal at p. The smoothness and orientability of the surface ensure that the normal vector varies smoothly over the surface, and hence the mapping g is smooth. This means that we can also define the derivative mapping g* : TS + TS2. This derivative can be interpreted as follows: if we move tangent to the surface at velocity C E TS, then the normal vector changes with velocity g*.C E TS2. Since the vector g ( p ) is perpendicular to the surface at p as well as to the sphere at gb), we can directly regard an element g*( E T,(,l,S2
as an element Pg,C E TpS. where P denotes the mapping from Tg(,lS2 to T,S.
The intuitive meaning of the differential g. of the Gauss map is curvature: the vector se( for some C E TS describes the curvature of the surface when moving at velocity (. If g,(p)C = 0 for all C E TpS. then the surface is are independent at all points. locally flat at p. If (C, P g , ( p ) ( ) > 0 for all 5 t TpS, then we say that the surface is locally absolutely convex' at p. Figure 1 shows the relations between the various mappings and spaces. It is important to note that f is a bijective mapping, hence it uniquely identifies coordinate-pairs to points on the surface and its derivative mapping f a is invertible. This means that although the equations in the following sections do not contain local coordinates U or the surface parameterization f , we can always find coordinate expressions for these equations using f , f* and their inverses.
f-' I/ f f;' I/ f* 
Numerical Notation
Since we want to use the formal results in numerical simulation, we need ways to represent the geometrical ideas in vectors and matrices. If we use the formats denoted in 
Regular Contact Kinematics
We first consider the case of two rigid bodies in point contact, moving with a relative velocity represented by a twist 2' "' = -Ti'' (this is exactly the case described by Montana [51). We attach to each body i a coordinate frame Pi and we assume to have a description fi of the surface of this body, expressed in frame Vi.
If we then express the location of the point of contact as two points p l (expressed in frame PI) and p z (expressed in frame VZ), then if the two bodies are in point contact, we have
where we abbreviated gi := g i ( p i ) . These equations just say that for point contact, the two contact points must he the same (when expressed in the same coordinate frame, in this case "1) and the normal vectors to the surfaces must he opposite.'
To obtain the kinematic equation relating the velocities of the contact points to the velocity of the bodies, we only need to take the time-derivative of (2) to obtain:
where we pre-multiplied ( 3 ) by H T to obtain an expression for pa. If we now substitute this expression into the second example numerical format
line of (4) and repeat the whole derivation with objects 1 and 2 switched, we obtain the desired kinematic equations: First of all, since we look at the motion of the contact point over the surface, we must have pl E TP,S1.
Secondly, since the domain of the mapping 9 2 . is TpzS2 and not all vectors in E , we must have T:,'pz E Tp,S2. This constraint means that the velocity of the instantaneous contact point (?:'*pz) can not have a component perpendicular to the surface, thus constraining the allowed relative motion to five degrees of freedom (which is clear from a physical point of view).
Finally, we need to ensure that a unique solution PI exists for any twist satisfying the constraint above. Since both Tz' g1 and Hig2.,Tl ' pz are tangent to the surface, the codomain of the matrix (91. + Hiy2.H:) must he the whole tangent plane to the surface, i.e. the matrix must have rank two. For physical reasons (no intersection of the surfaces) this means that the two surfaces must be relatively convex:
the two non-zero eigenvalues of (gl. + H,'y2,H:) must be larger than zero. Physically, relative convexity means that if one surface is concave, then the other body must he extra convex. Absolute convexity (as defined in Section 2) can he considered as a special case: an absolutely convex surface is relatively convex to a plane. 
Generalized Contact Kinematics
In this section, we extend the results of Section 3 to the more general case as depicted in Figure 2 : we do not consider just the kinematics of the point of contact between the two bodies, but we look at the kinematics of the points on the surfaces which have the shortest (in the Euclidean sense) distance between them. We call this problem the generalized contact kinematics problem 2Note that we use a homogeneous matrix H i to change coordinates for poinls @ 2 ) as well as for free vectors (gz). Normally, free vectors only need to be rotated (using the rotation p a t of the coordinate transformation). but since we express these veCtors numerically as a four-by-one malrin with ill last element zero, we canjust as well use multiplication by the full homogeneous matrix. We use pi, i = 1 , 2 to denote the point on body i expressed in frame i such that the distance between pl and p z is the minimum distance between the bodies. This implies that the line connecting p l and p2 must he perpendicular to both surfaces, which can he translated into the following equations:
where A E R denotes the 'signed distance' between the generalized contact points:
A = ( s i , H , ' p s -p i )
i.e. A > 0 means there is a distance lA1 between the hodies, and A < 0 means the bodies have a maximum penetration distance of lAl. The use of this definition for distance (instead of the usual IIH,'p2 -pll/) turns out to he very useful in the modeling of contact dynamics in Section 5 .
Theorem 1 Given two rigid bodies and the generaliied contact points as defined in (6) . If the bodies are absolutely conve.r, then the velocity of the generalized contact points is uniquely determined by the following equations:
where pi" = -H$T:,2,2H: can be any relative twist of rhe two bodies and A > Ami., f o r some Amin < 0 depending on the surfaces and A is defined as in (7).
Proof We first compute the time derivative of A, e.g. the change of distance between the bodies.
A = ( g i , H i p z -p i ) + ( g i , H i p z + H~j z -PI)
= (SI, Ei:PZ) (9) = (91>Fi"HiP2) (10) where (9) results since the normal vector g1 is always perpendicular to the velocities and H i p 2 ) of the contact points over the surface and since g1 is perpendicular to Hip2 -PI, and (IO) results by applying (1).
Using this result for A, we can compute the time derivative of (6) to obtain the kinematics equation: If we now substitute the first equation of ( 1 I ) into the second, and repeat the whole derivation with objects 1 and 2 { { ' 1 1 g l * P , = T2' 91 -H,'g2*Pz switched, we immediately obtain (8). Note that for A 0, we recover the regular contact kinematics (5 where we used (6), (IO), and the fact that a homogeneous transformation preserves the inner product. This shows that Ag2 -p?*p2 is always tangent to the surface, so the righthand side of (8) ( I + A g , . ) ) has rank twocannot he easily related to properties of the objects, since it also depends on the distance A. Even though an object may he relative convex (i.e. the contact points vary smoothly as the objects roll over each other), the contact points can jump when the objects are not in contact and move at a certain distance from each other. However, if the objects are absolutely convex, then invertibility is ensured for any A > Amin for some Amin < 0, i.e. for any positive distance, and for small enough penetrations, where Amin is the largest distance for which the matrix has rank less than two.
0
Although the kinematic equation (8) is similar to the results obtained in [7] , the approach we used here does not depend on extra coordinates and orthogonal parameterization, and is therefore more transparent and easier to interpret and understand geometrically.
Generalized Contact Dynamics
In this section, we briefly review the concept of a lumped parameter model of compliant contact based on a spatial spring (as discussed in more detail in [4]) to show the modeling application of the kinematics as derived in the previous section. In the modeling process, we assume that the collision between the two objects is partially elastic: the energy stored during the collision is modeled as a spatial spring, and the energy dissipated during the collision is modeled as a damper. Since the damper is trivial to model (even if geometric), we only look at the spring in this section. Figures 2 and 3 illustrate the intuitive idea. Starting from a no-contact situation, the position of the generalized contact points is monitored using the kinematic equations (7) , (lo) , and (8). When at some time tl the bodies come into contact (A crosses zero), we connect a spatial spring [12] between twopointspl = p ( t 1 ) andpz = p ( t 1 ) fixed with body 1 and body 2 respectively, in such a way that the initial center of stiffness is at the relative position and orientation of the bodies at impact.
After the impact, the objects continue to move, and the surfaces of the objects deform. We model this in the following way: the points p 1 and p 2 move with the objects as if the ideal, rigid shapes are maintained and penetrate each other. This means that p 1 and p 2 move away from each other, and the spring is charged.
Under the influence of external forces and contact (spring/damper) forces, the objects will start to slide and roll over each other. However, we do not want all movement of the bodies to charge the spring: pure rolling of two bodies over each other is not supposed to charge the spring, since no potential energy is stored in that case. On the other hand, when the bodies are sliding over each other (and in this way locally stretching the surfaces), we do want the spring to be charged, so that potential energy is stored.
The problem is that it is not so easy to distinguish between rolling and sliding if the bodies share an area of contact. In case of point contact, it would have been easy: rolling is when one body rotates relative to the other body around an axis in the tangent plane to the sufaces at the contact point, and sliding is in all other circumstances.
In the case of area contact, we cannot simply talk about the tangent plane to the surface. However, we can talk about the tangent planes at the points p l and pz of maximum penetration depth: these are completely specified by the normal vectors to the surfaces, i.e. by the Gauss maps.
By (6) these tangent planes are parallel, and the 'average tangent plane' can be taken as a third parallel plane in between these two. The exact position of this plane depends on the relative stiffnesses of the two objects. We use this average tangent plane to decompose the twist in rolling and sliding, and then use the sliding component to define the spatial spring as attached between p1 and p2.
Simulations
We implemented the 3D kinematics and dynamics model in the simulation package 20sim [13] and simulated the dynamics of two ellipsoids bouncing on each other and on the floor under the influence of gravity. Since there are three objects, we need to have three copies of the contact model (one between each pair of objects) to be able to model all contact situations. Figure 4 shows a 2D schematic setup of the model. The sub-models are implemented using screw bond graphs [14, IO], which allow for easy modeling of the power ports to capture the energy balance of the system. We use relatively soft settings for the spring to be able to see more clearly what happens.
We drop the two ellipsoids at some distance right above each other, with zero initial velocity. Figures 5 and 6 show the results, indicating also the following time instants in the simulation:
(a) The two objects start from a certain height, with some distance between them, the largest distance is between the black ellipsoid and the ground.
(b) The grey ellipsoid hits the ground first and compresses a bit. When the black ellipsoid hits the grey, the grey 
Conclusions and Future Work
In this paper, we derived the kinematic equations for regular and generalized contact. Starting from simple geometric equations that describe the properties of the contact points, we obtained the kinematic equations in very few steps. We briefly reviewed earlier work on the dynamics of contact that uses the kinematic results, and then showed a simulation of the contact model in action. The model shows good behavior in terms of physical intuition: the bouncing of the objects on each other looks natural. However, the parameters that describe he compliance of the contact are still hand-picked. The next step in the modeling process would be to study practical results in contact modeling (e.g. Pacejka [I51 is well-known for practical models of car tires) to obtain realistic parameter values that capture the behavior of real-life materials.
Another important aspect that needs to be added to the model is slip. In practice, the contact forces cannot grow infinitely large, but at a certain value the contact is broken and the objects slide freely over each other. This aspect is also very important for control, since it limits the forces the robot can exert on the ground and therefore restricts the set of suitable controllers for the robot in these circumstances; walking on sand may require different control than walking on tarmac.
Finally, we assumed in the kinematics analysis that the objects were (absolutely) convex, since this ensures that the contacts points move continuously over the surface. It would he interesting to see how the results could be applied to non-convex objects, for example by approximating these objects by a finite set of convex objects and comparing the distances of this set of possible contact points to obtain the real contact point as the minimum of this finite set.
The contact model described in this paper will be used in the 3D modeling of a walking robot to describe the contact of the feet with the soil. We hope it will help us in the analysis and design of controllers that stabilize the robot in walking and make it robust against variations in the soil.
